Abstract-A semi-empirical model of a pulsed, injection-controlled laser is investigated analytically and is applied primarily to extensive experimental results that have been obtained for the XeF( C + A ) excimer laser. The gain medium inside an unstable cavity is represented by a folded pulsed amplifier which is seeded by a narrow-band input signal. A set of coupled rate equations for the population densities of the upper laser states, the wide-band absorbers, and the photon flux was numerically integrated. Measured gain and absorption of the amplifier were used as input data to evaluate the model. Excellent agreement between calculated and experimentally observed peak intensity and various other pulse characteristics such as pulse shape and laser pulse delay time was obtained. This model also predicts the experimentally determined injection-control threshold for KrF excimer lasers successfully, and should be applicable to numerous other injection seeded lasers.
I. INTRODUCTION XCIMER lasers can be efficiently tuned with a narrow E spectral width using injection control and an unstable laser cavity [ 11, [2] . It is the purpose of this paper to develop a quantitative semi-empirical model that describes not only the characteristic behavior of such an injectioncontrolled excimer laser source, but also that of other similar laser systems. This requires a detailed analysis of the amplification process of a seed beam in an unstable laser cavity, where gain and absorption coefficients as well as the injection signal are functions of time.
Several analytical models have been developed for the laser amplification process. Homogeneously-broadened continuous wave (CW) lasers were analyzed by fiigrod
[3], Schindler 141, and Eimerl [5] . Such models were successfully applied to relatively long pulse, high-gain lasers where a steady-state analysis is a good approximatiotl. The temporal dependence of the gain as well as absorber saturation are generally neglected. For CW lasers, fge mode characteristics in unstable resonators were investigated by Siegman et al. [6] , [7] . Further work, including the analysis of pulsed laser oscillation in an unstable resonator, was reported by Isaev et al. [8] , [9] in an injection-locked laser. These treatments of injection control are particularly successful for high-gain CW lasers such as CO2 lasers. However, they are unsuitable for the description of pulsed laser amplifiers where gain duration, photon lifetime in the unstable resonator, and the injected pulsewidth are on the same timescale. Laser pulse amplifiers with temporally-dependent gain coefficients were studied extensively by Icsevgi and Lamb [ 131, who described a full dynamic treatment of laser amplifiers ranging from the picosecond to the CW timescale, that included gain and absorber saturation effects. Similar work was published by Casperson [14] ; however, in this case absorber saturation was not taken into account.
More specifically, KrF and XeF ( B 4 X ) excimer lasers with unstable resonators were simulated by Johnson et al. [ 151, [ 161. An extensive kinetic model was reported that describes the temporal gain and absorber behavior of a long-pulse (500 ns-1 ps ) excimer laser. By applying the model to the free-running oscillation process, excellent agreement was obtained with experiments; however, the injection-locking process was not analyzed in detail. 3) The peak value of the small-signal gain is relathely low compared with that of other excimer lasers, due to the smaller stimulated emission cross section ( -cm2) . Therefore, the laser performance strongly depends both on small-signal gain and absorption, and on their individual saturation behavior.
In order to investigate the amplification process, a model is required that can treat the transient behavior of photon flux, gain, and absorption, including the saturation of both gain and absorption. This type of gnalysis and its underlying physical assumptions are described in Section 11. The validity of the model is also examined for the analytically solvable stationary case. Numerical results are compared with experiments in Section 111, and the applicability of the model to predict the behavior of other injection-controlled systems is discussed. This model turns out to be sufficiently simple for easy implementation on personal computers.
ANALYTICAL MODEL A . Model Description
Injection locking implies that the phase of the injected signal is controlled to match the mode structure of the amplifying laser [25]. None of the experiments concerning "injection locking" of excimer lasers that have been reported thus far [l] , [2], [26] have made an attempt to control the temporal phase of the injected signal. The injected photons act rather as a seed signal within the homogeneously-broadened excimer transition, and force the laser to amplify the injected field. This leads to the control of laser linewidth, center wavelength for short gain duration (within the tuning range determined by the excimer transition), and beam divergence. Since no phase control is possible for these experiments, the expression injection locking is a misnomer-at least for excimer lasers. Injection seeding [ 11, [2 13, [25], or the more general term injection control, that would include locking as well as seeding should be used instead. Consequently, injection seeding can be considered by neglecting the phase of the laser field, i.e., in a rate equation approximation. If the linewidth of the injected signal is much smaller than the tuning range of the homogeneous laser transition, experiments show that the linewidth of the injection-controlled laser follows the injected linewidth for short pulse duration [l] , [2]. Hence, the spectral intensity at the line center of the injected field is proportional to the spectrallyintegrated intensity, which is also the experimentally simple-to-measure quantity that is usually used to characterize such lasers. Together with the homogeneous broadening of the laser transition, this implies that a wavelengthindependent set of rate equations may be used for the spectrally-integrated laser photon flux q.
A rate equation description for a pulsed injection-controlled laser is therefore developed. The XeF( C -+ A ) laser is used as a specific example; however, it is understood that most arguments hold equally well for many other pulsed laser systems. The effective gain of the XeF ( C -+ A ) laser is determined by the difference between the gain G and the absorption losses L . Due to the comparatively small stimulated emission cross section, the saturation intensity of the XeF ( C -+ A ) laser transition is higher than the saturation intensity for the dominant absorbers. Therefore, the laser photon flux can build up to a level where it saturates the absorbers before gain saturation occurs. Consequently, gain and absorption are saturable and have to be treated independently. It is also assumed that the transverse dimensions of the laser amplifier are much smaller than its longitudinal extent in the x direction, i.e., a one-dimensional analysis can be applied. Fig. 1 shows the traces of two rays at the edge of an injected laser beam introduced into a confocal unstable optical cavity of length d. The amplifying active medium of length 1 is indicated by dashed lines. In the unfolded resonator shown below, the beam expands exponentially due to the magnifying action of the resonator and is simultaneously amplified in the active medium. The expansion of the beam by itself leads to a decreasing intensity and can be treated like a distributed loss. Gain G, absorption loss L, and photon flux q in such an amplifier are related by the following set of rate equations [ 131, [23]:
where vg is group velocity which is assumed to be constant and equal to the speed of light. M represents the unstable cavity magnification, Nc ( t ) the population density of the XeF ( C ) states, i.e., the upper laser states, T C A , rc, and r, the radiative lifetime of the XeF ( C -+ A ) transition, the effective lifetime of the XeF ( C ) state, and the effective absorber lifetime, respectively; Q is the relevant solid angle for the emission of spontaneous photons that contribute to the output signal, and AV, and AvF the line- widths of the injection source and the bandwidth of the laser transition, respectively. The production terms for the X e F ( C ) states and absorbers are denoted by P c ( r ) and P,(t), and uSE and a, are the stimulated emission and absorption cross sections. On the right-hand side of (l), the first and second terms describe gain and loss. The third term is the photon flux loss per unit length due to the beam expansion inside the unstable cavity. The fourth term represents the contribution to the amplified signal due to spontaneous emission. On the RHS of (2) and (3), the first terms are the production terms. The second terms express the effective decay, and the third terms denote gain and loss saturation due to the photon flux in the cavity. The factor of l / d in (1) effectively distributes the active medium over the total cavity length d. This approximation is excellent when the factor l / d is sufficiently close to one (0.
For smaller values of l / d , the region of the active medium and the unpumped region have been evaluated independently, and the results of such a calculation confirm the validity of the approximation.
The unsaturated gain data and loss shapes of Go ( t ) and Lo ( t ) are obtained from experimental data [23] . The temporal profile of Go ( t ) is considered to be similar to that of the fluorescence signal of XeF ( C + A ) transition. The absolute peak value of Go ( t ) is set based on values suggested by kinetic modeling [27] , [28] . L o ( t ) is obtained using Go ( t ) and the experimentally-obtained small-signal gain shape [ G o ( t ) 
Although the net gain temporal profile of [ Go ( t ) -Lo ( t ) ] is strictly defined by the measured small-signal gain profile, the peak value of Go ( t ), and accordingly that of Lo ( t ) , may have an uncertainty of about f 5 0 percent. It turns out that the maximum values for G ( t ) and L( t ) can be chosen within these boundaries without changing the results of the calculation dramatically. The results depend primarily on the experimentally determined value of G-L, i.e., the net gain, as long as G and L individually are chosen in reasonable agreement with the overall boundaries of the specific laser system.
In a typical excimer laser, the production of the upper laser state and the relevant absorbers occurs in a complicated chain of kinetic reactions, and calculation of their effective production rates is difficult and cumbersome. On the other hand, when gain and absorption are determined as functions of time, either experimentally or by a kinetic code, they provide a measure of the number of excited states as functions of time which is determined by their respective production and decay processes. Therefore, once G ( t ) and L ( t ) are defined, the generally unknown production terms P c ( t ) and P , ( t ) may be obtained analytically from the unsaturated rate equations for Go ( t ) and Lo ( t ) [ (4) and ( 5 ) below], and used as inputs to the model. The unstable cavity is treated like a folded amplifier, and additional gain or loss saturation due to double passing in the overlapping region of each photon flux path is neglected. This assumption is well justified if the magnification of the unstable resonator is sufficiently high ( M > 2 ) because the overlapping volume of the double-passing photon flux becomes negligible under these conditions. However, in the case of small magnification values ( M < 1.3 ), the overlapping volume approaches 50 percent of the one-pass total volume. With this assumption, the total amplifying gain length may be overestimated at most by a factor of two in the near saturated region. This effect causes saturation to occur slightly earlier than the experiments indicate because of the increase in injection power due to the above assumption. However, there should be no error associated with the unsaturated and totally saturated regions of the amplifer.
The injected laser flux is coupled into the rate equations by the initial condition for the photon flux q ( x , 0), which is given by
where q (0, 0) is the photon flux of the injection laser at the injection coupling hole (Fig. 1) . The exponential function describes the expansion of the injected beam in the unstable resonator. This is a good approximation when the temporal change in the injected signal is slow compared to typical times that determine changes in the gain or loss. For short pulse injection, i.e., when the injected signal changes on a time scale given by the transit time through the unstable resonator, the temporal evolution of the injected flux has also to be considered. Therefore, the injected photon flux at each location in the amplifier depends on the local time t -x / v p (see Appendix):
In order to compare the model results to a specific experiment, calculations were performed for the conditions of a recent series of experiments concerning the injectioncontrolled XeF ( C -+ A ) excimer laser [ 2 4 ] . The cavity length is d = 12.5 cm, the gain length is 1 = 10 cm, and the fractional solid angle of observation for the spontaneous emission term Q / 4 a is 3 l o p 5 , which is determined by the fractional solid angle from the mid-point of the cavity to a 1.5 mm diameter injection-coupling hole. The ratio Aul/AuF is 1.2 * lo-* and is given by the ratio of injection linewidth (Au, = 0.6 nm) to the bandwidth of the XeF ( C -+ A ) fluorescence spectrum ( AuF = 50 nm). For the stimulated emission cross section, as well as for the relevant time constants, the following experimentally determined values were used: uSE = 9.5 * 10-l8 cm2 whereas the molecular ion photodissociation cross sections are about 10-l8 cm2 in the visible [33] . Since the relative abundance of these species is not precisely known, an approximate treatment of absorption was chosen for the purpose of this model. Instead of describing each absorbing species individually, an averaged absorber density associated with an averaged absorber cross section was used. Both numbers are, in principal, free parameters of the model. Their values, however, are strictly limited by several constraints. 1) The absorption coefficient, i.e., the density cross section product, is given by the value of the absorption coefficient in Fig. 2 . 2) The absorber densities are limited by kinetic modeling to peak values on the order of 3 . lOI5 cmP3 to 1 10l6 cm-3 [28]. 3 ) The absorber cross section has to lie between the values determined by photoionization and those of photodissociation. A value of U, = 3 * cm2 was chosen, which is compatible with these boundary conditions.
Equations ( 
B. Model Verification
The following two approaches were adopted to establish the validity of the numerical integration model. 1 ) Gain Saturation for the Stationary Case: If gain and absorption are time independent and absorber saturation is neglected, then (1)-(3) may be simplified in the following way:
where qs = l/(usErc) is the saturation flux. This simplified set of equations describes a multipass amplifier where the beam expansion acts as an additional loss. For a sufficiently-strong injected signal q (0), the fourth term of the RHS of (8) can be neglected. Then, (8) and ( length inside the cavity, where R denotes the outer radius of the output laser beam, and ro is the radius of the injection hole (Fig. 1) . Equation ( 1 1 ) was evaluated using typical experimental parameters, and the analytical results were compared with those obtained by numerical integration as described in Section II-A for the same parameters.
Since both calculations coincide with each other, the gain saturation for the stationary case is treated correctly by the model.
2) Dynamic Behavior:
The model uses the production terms of Pc ( t ) and Pa ( t ) as the inputs which are derived from Go( t ) and Lo( t ) . Then, the temporal profiles of gain and loss at each position are calculated by integrating (2) and (3). The model describes the dynamics of the unsaturated amplifier correctly if the calculated gain-loss profiles in the case of the unsaturated amplifier coincide with Fig. 2 are the temporal 
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profiles of G o ( t ) , L o ( t ) , and G o ( t ) -L o ( t ) .
The solid lines correspond to the unsaturated gain and loss shapes which are derived according to the procedure described in Section 11-A, while the points represent the model results at the output coupler for low-injection power, i.e., an unsaturated amplifier. The coincidence between both profiles confirms the correct treatment of the time-dependent, unsaturated injected amplifier.
DISCUSSION
The model results are compared to experimental results obtained for the electron-beam pumped XeF ( C + A ) [24] and discharge pumped KrF ( B -+ X ) [ 11 lasers.
A . XeF ( C -+ A ) Laser
I ) Input-Output Characteristics: Fig. 3 compares the calculated and measured laser output parameters as a function of power injected into an unstable resonator of magnification M = 1.15. In Fig. 3(a) the laser output energy is plotted as a function of injected laser power density which corresponds to the peak intensity of the dye laser injection source with a pulse duration of 250 ns (FWHM) [24] . The solid line corresponds to the calculated results, and the error bars represent experimental data. It should be noted that this figure compares absolute values and required no scale fitting or shifting. Except for the lowest output energy, excellent agreement is obtained. The slight difference between the model and experiment for the lowest output power is possibly due to the spatially-nonuniform pumping profile of the electron beam [24] , which for this model is assumed to be uniform. Fig. 3(b) and (c) show results for peak intensity and pulse duration (FWHM) as a function of injection power for the same experiments as in Fig. 3(a) . The solid lines as above denote the calculated results and the error bars correspond to the experiments. The figures clearly demonstrate peak intensity saturation [ Fig. 3(b) ] and pulse shortening [ Fig. 3(c) ] with increasing injection power. Although the measured and calculated pulse durations agree within 10 percent, the calculated pulse duration is always slightly smaller than the experimental pulsewidth. There are two possible explanations for this result. 1) The temporal resolution of the diagnostic system is of the order of 1 ns; therefore, the real pulse duration might be slightly smaller than the measured one. 2) The measured unsaturated gain profile is averaged over the spatially-in- homogeneous pumping profile [24] , which might impact on the output pulse duration.
2) Temporal Behavior: The temporal pulse shape of the laser output is compared to the calculated waveform for a typical experiment in Fig. 4 . The experimental conditions corresponded to an injection power of 1.2 MW/cm2 and an output energy of 25 mJ, which occurs in the saturated region of the amplifier [see Fig. 3(a) ]. The solid line is the observed profile, while the dashed line represents the calculated pulse. For comparison, the dotted line shows the electron-beam pump pulse. The measured and analyzed profiles agree remarkably well in peak intensity, pulse duration, asymmetric pulse shape, and pulse position. In fact, none of the parameters representing the horizontal and vertical scales, including the relative timing of the pulses, was fitted. The calculated temporal behavior of gain and absorption are shown in Fig. 2 . Gain and absorption saturation are apparent for high injected signals and high output power densities. An increased injected signal leads to a more rapid buildup of the amplified pulse. This causes the output peak position to move toward earlier times relative to the pumping pulse. The time delay between the maximum of the output pulse and the beginning of the pumping pulse (Fig. 4) is shown in Fig. 5 . The solid line is calculated and the error bars correspond to the measured values. It should be noted again that the calculated and the experimental values are in excellent agreement. The error is less than 3 ns, which is comparable to the experimental reproducibility considering the temporal resolution of the measuring system and effects of the instrumentation noise.
3) Laser Output Energy Dependence on Cavity Magnijication: Experiments were conducted for various cavity magnification values of M = 1.05, 1.08, 1.15, and 1.23 [24] . For the evaluation of cavity magnification effects on laser output, the beam divergence of the injected seed beam has to be taken into account, which depends upon the original divergence from the injection source ( 1-1.5 mrad) and on diffraction effects at the injection hole (Fig. 1) . For small cavity magnifications, the divergence becomes comparable or greater than the beam expansion factor due to the unstable cavity magnification. This results in higher values of the equivalent magnification values than those calculated by a simple parallel beam approximation for the injected signal and, consequently, in shorter transit times inside the amplifier [22] . This corresponds to a shortening of the amplification length in the folded amplifier model. Based on the injection laser beam divergence and the focusing optics for the injection source, a typical beam divergence of 1.4 mrad inside the cavity was obtained, and the corrected magnification values were derived by ray-tracing methods. As mentioned above, the beam divergence of the injection beam impacts only on the two smaller magnification values, i.e., M = 1.05 and 1.08. Thus, the equivalent magnification values become M = 1.10, 1.13, 1.15, and 1.23 instead of M = 1.05, 1.08, 1.15, and 1.23, respectively. The laser output was calculated using these values and the results were compared to experiments in Fig. 6 for injection power densities of (a) 1.2 MW/cm2 (saturated region) and (b) 3.5 kW /cm2 (small-signal amplification). The solid and dotted lines are the calculated results, and the solid and dotted error bars represent the experiments for the two different injection power density values, respectively. The agreement between measured and calculated values is reasonable, considering that again no parameter fitting was employed. In fact, the optimum magnification and the overall dependence of the laser output on the magnification are calculated correctly. The disagreement at M = 1.23 for high injected power density is probably due to partially spatial saturation of the gain at the center of the pumping region because of the spatially nonuniform pumping profile which is not considered in the model. On the other hand, the disagreement at M = 1.05 for low injected power density is possibly due to the breakdown of the geometrical optics approximation for these conditions. However, in the saturated regimo, good agreement between experiments and the calculation is obtained for small magnifications ( M = 1.05). This is to be expected because of the insensitivity of the energy output on the amplifier length for the saturated laser.
4) Laser Output Energy Dependence on Pumping Power:
The dependence of the amplifier gain on electron beam pumping power was investigated experimentally [24] . Using the measured peak gain value, the model was applied to estimate the dependence of the amplifier output on the pumping power for a cavity magnification of M = 1.15. The temporal profiles of Go ( t ) and Lo ( t ) for different pumping conditions are assumed to have similar shapes; only the peak values depend on the pumping power input. This is confirmed by experiments. Fig. 7 shows the model calculations together with the experimental data for injection power densities of (a) 400 W/cm2 and (b) 370 kW/cm2. Experimental data show an exponential relationship between pumping power and laser output energy for lower injected powers and the consequently low output signals [ Fig. 7(a) ]. It becomes linear and then saturates for large injection powers [ Fig. 7(b) ]. From Fig. 7 , it is evident that the model predicts this behavior quite well. Furthermore, the calculated results predict the output energy of the injection-controlled amplifier with considerable accuracy.
B. KrFLaser
Thus far, the model has been applied to the injectioncontrolled XeF ( C + A ) excimer laser amplifier; however, it is not necessary to restrict its application to this specific system. Since the model can handle the transient behavior of the photon flux as well as the saturation of gain and loss, it can be applied to other kinds of homogeneously-broadened, injection-controlled lasers, such as other excimer, dye, and COz lasers.
In order to investigate the applicability of the model to lasers other than the XeF ( C + A ) system, typical excimer laser conditions were selected, and the injection-control threshold was evaluated for various combinations of small-signal gain values and injection intensity levels. The temporal profiles of Go ( t ) and Lo ( 1 ) are assumed to have similar shapes to those shown in Fig. 2 , but the peak value of the absorption losses L o ( t ) is fixed to be 0.01 cm-'. The peak value of the gain Go ( t ) is then altered to realize different small-signal net gain values. Cross sections for stimulated emission and absorption are assumed to be 2 X and 2 X cm', respectively. The radiative lifetime of the upper state is set to be 10 ns, and the effective lifetimes of the upper state and the absorbers are both assumed to be 2 ns. This corresponds to typical conditions in a discharge-pumped KrF excimer laser. For those conditions the laser saturation intensity is considerably lower than the absorber saturation intensity. Therefore, absorber saturation for the KrF ( B + X ) laser is less important than for the XeF( C -+ A ) laser. Cavity magnification M was chosen to be 4.0, and the cavity length d and gain medium length I are 62.5 cm. The injection hole diameter is 1 mm, and the outer diameter of output laser beam is set to be 16 mm. These conditions correspond closely to those of the experiments reported by Bigio and Slatkine [ 11. The injection-control threshold was evaluated by comparing the peak power of the amplifier laser output within the narrow linewidth of the injected signal and that of the free-running laser within the wide bandwidth which builds up from spontaneous emission. Fig. 8(a) shows the injection-controlled laser peak power Po,, as a function of injection power density for four different small-signal peak gain values go. For comparison, the absolute value of injection power at a 1 mm diameter injection hole (Pi,) is shown in the bottom of the figure. The dotted line in the figure represents the injection-control threshold which is defined as the injected power density that causes a narrow-band injection-controlled output equal to the free-running power density. The output powers in the saturated region are on the order of several MW cmP2 for a gain of 6-7 percent cm-', which is typical for free-running, as well as injection-controlled excimer lasers. The injection threshold of -0.1 W injected power into a 1 mm diameter injection hole is in excellent agreement with experiments [ 11. Further investigation of the model suggests that efficient injection-control cannot be achieved if the small signal gain value exceeds go = 0.08 cm-' for the given geometric conditions. When the laser is a pure ASE laser that can be driven to saturation in one pass, only injection-control of the amplification process close to the optical axis has a negligible effect on the quality of the laser output. Presented in Fig. 8(b) is the output-input power ratio (Pout/P,n) as a function of injection power density for the same conditions as those shown in Fig. 8 (1)- (3), it is desirable to eliminate the second term on the left-hand side of (1). For this purpose, it is possible to use the local time T as opposed to the global time t by introducing T = t -x / u g as in 1131, [ 141. However, for the case of quasi-CW dye laser injection 1241, this method cannot be applied since the amplified output could appear even at negative local times. The reason for this is that the whole amplifier is filled with seed photons when the gain becomes positive for the quasi-CW injection case; therefore, the amplified output experiences a gain length which is less than the total transit length inside the cavity, and could appear at negative local times.
In order to overcome this problem, the global time can be used. If the temporal integration step on the global time axis coincides with the transit time delay of the photons for one spatial integration step, this integral is equivalent to that along the same local time axis. Although this approach does not allow for a free setting of the temporal and spatial integration steps, it permits elimination of the second term on the LHS of (1) and avoids negative local times. Consequently, the spatial integration of q ( x , t ) is conducted without introducing the local time parameter in the following way:
q ( x + 2H,, r + 2At) = q ( x , t ) aq(x + H,, r + A t ) + 2H,
ax
Here At is a time step of the integration, and H, is a spatial step which is given by H, = v,At; i.e., 12.5 cm in the model. Since this approach treats the global time, not only the quasi-CW injection but also the short pulse injection case can be analyzed by this method. For the latter, it is equivalent to a local time treatment [equation (7)].
The numerical integration procedure is based on the predictor-corrector method [13] . If y denotes q (x, r ) , G ( x , t ) , or L ( x , t ) , and y' denotes a q ( x , t ) / a x , a G ( x , t ) / a t , or a L ( x , t ) / a t , the predictor procedure is expressed by Y2 = Yo + 2AYi ('42) where A is an integration step, and the suffix represents the spatial or temporal position. Next, y; is derived using the result of the former predictor. Then, the value of y2 is corrected by (A3). Y2 = YI + 0.5 A(Yi + Yl).
(A3)
For the first step of the integration, y P l is not given; accordingly, predictor [ yl = yo + Ayh], derivation of y ; , and corrector [ yl = yo + 0.5 A ( y; + y;)] procedures are iterated until the value of correction becomes sufficiently small. These procedures are applied to (1)-(3) both in the temporal and spatial domains.
